We describe two different systematic constructions of new nontrivial higher Massey products in the cohomology of moment-angle complexes, using homotopy theory and combinatorial operations. These constructions in conjunction detect non-trivial higher Massey products in the cohomology of moment-angle manifolds corresponding to polytopes such as families of graph associahedra. Our constructions use stellar subdivisions and edge contractions on simplicial complexes. These operations do not change the homotopy type of a simplicial complex, but do change the combinatorics, which changes the corresponding moment-angle complex.
Introduction
Massey products are higher cohomology operations that refine cup products. In symplectic geometry, it is well known that Massey products are obstructions to formality and Kähler structure, but being higher cohomology operations, Massey products are difficult to calculate.
The first examples of non-trivial higher Massey products in moment-angle complexes were found in 2003 by Baskakov [3] , who gave an infinite family of momentangle complexes with non-trivial triple Massey products. Since then, there have been other families of examples such as Limonchenko's family of n-Massey products in moment-angle complexes over truncated cubes [10] , and Zhuravleva found non-trivial triple Massey products over Pogorelov polytopes [13] . There is also a classification of non-trivial triple Massey products in the lowest degree [7, 8] . All of these results use a combinatorial interpretation of Massey products in moment-angle complexes. Other than these few families of examples, not much was previously known about the existence or abundance of non-trivial Massey products in the cohomology of moment-angle complexes.
The main results in this paper are Theorem 3.16 and Theorem 3.36. Theorem 3.16 says that there is a non-trivial n-Massey product in the cohomology of a moment-angle complex Z K where K is obtained by stellar subdivisions on the join of n simplicial complexes K 1 * · · · * K n . There is no restriction on K i for any i, nor on the degree of classes in the Massey products. For example we can compute non-trivial Massey products on torsion classes. This construction also results in non-trivial Massey products with non-trivial indeterminacy, that is, the Massey product contains more than one element. Theorem 3.36 gives a construction of a non-trivial n-Massey product in H * (Z K ) given the existence of a different non-trivial n-Massey product in H * (ZK), where K maps toK by edge contractions. The degree of the Massey product is determined by the original Massey product in H * (ZK) and the number of edge contractions performed. Again there is no restriction on the classes in these Massey products.
When a simplicial complex K is a simplicial sphere, such as the boundary of the dual of a simple polytope P , the moment-angle complex Z K (or Z P ) is a smooth manifold called a (polytopal) moment-angle manifold. We use Theorems 3.16 and 3.36 in conjunction to show that moment-angle manifolds corresponding to certain graph associahedra have non-trivial Massey products, and so are non-formal. The constructions in this paper also generalise all of the aforementioned families of examples.
Definitions
Let K be a simplicial complex on [m] vertices. Following [5] , the moment-angle complex Z K is
As a subspace of the polydisc, Z K has a cellular decomposition that induces a multigrading on C * (Z K ). The full subcomplex K J is {σ ∈ K | σ ⊂ J} for J ⊂ [m]. Let C * (K J ) be the augmented simplicial cochain complex. The following theorem is a combination of results by Hochster [9] , Buchstaber-Panov [4] , and Baskakov [2] . All coefficients are in k, which is a field or Z.
Theorem 2.1 (Hochster's formula). [9, 4, 2] There is an isomorphism of cochains C * −1 (K J ) → C * −|J|,2J (Z K ) ⊂ C * +|J| (Z K ) that induces an isomorphism of algebras
The cochain group C p (K J ) = Hom(C p (K J ), k) has a basis of χ L for a p-simplex L ∈ K J , where χ L takes the value 1 on L and 0 otherwise. Let ε(j, J) = (−1) r−1 for j the rth element of J, and for L ⊂ J, let ε(L, J) = j∈L ε(j, J). The product on J⊂[m] H * (K J ) is induced by C p−1 (K I ) ⊗ C q−1 (K J ) → C p+q−1 (K I∪J ), For a cochain a ∈ C p (K J ), let the support of a be the set S a of p-simplices σ ∈ K J such that a = σ∈Sa a σ χ σ for a nontrivial coefficient a σ ∈ k. For a cohomology class α ∈ H p (K J ), we say that α is supported on K J . Lemma 2.2. For a simplicial complex K, let a ∈ C p (K I ) and b ∈ C q (K J ). Let the order of vertices in K be such that i < j for every i ∈ I and j ∈ J. Suppose a = σ∈Sa a σ χ σ and b = τ ∈S b b τ χ τ for p-simplices σ ∈ S a ⊂ K I , q-simplices τ ∈ S b ⊂ K J and coefficients a σ , b τ ∈ k. Then the product ab ∈ C p+q+1 (K I∪J ) is given by
Proof. The product ab is given by By the definition of ε, and since all elements I are ordered before J, ε(σ ∪ τ, I ∪ J) = ε(σ, I)ε(τ, I ∪ J). Furthermore, for each q-simplex τ = {i 1 , . . . , i q+1 } ⊂ J, Let α 1 , . . . , α n ⊂ H * (Z K ) where each class α i ∈ H pi+|Ji|+1 (Z K ) corresponds to α i ∈ H pi (K Ji ). Let a i ∈ C pi (K Ji ) be a cocycle representative for α i . Then using the product given in (2.1), the cochains a i,k such that d(a i,k ) = k−1 r=i a i,r a r+1,k are elements a i,k ∈ C pi+···+p k (K Ji∪···∪J k ). Using the degree from Definition 2.4, deg(a i,k ) = p i + · · · + p k + |J i ∪ · · · ∪ J k | + 1 = (p i + |J i | + 1) + · · · + (p k + |J k | + 1) − k + i = deg(a i ) + · · · + deg(a k ) − k + i.
This matches the definition of a defining system. Hence for a defining system (a i,k ) ⊂ C * (Z K ) there is a corresponding defining system (a i,k ) ⊂ J⊂ [m] C * (K J ).
Then the associated cocycle ω ∈ C p1+···+pn+|J1∪···∪Jn|+2 (Z K ) corresponds to the associated cocycle ω ∈ C p1+···+pn+1 (K J1∪···∪Jn ).
Let α 1 , α 2 , α 3 be a triple Massey product on α i ∈ H pi (Z K ) for i = 1, 2, 3. The indeterminacy of a triple Massey product is given by α 1 · H p2+p3 (Z K ) + α 3 · H p1+p2 (Z K ). Theorem 2.1 implies that each class α i corresponds to a class α i ∈ H pi−|Ji|−1 (K Ji ) and the indeterminacy of α 1 , α 2 , α 3 becomes
Example 2.5. Let K be the simplicial complex in Figure 1 . Let α 1 , α 2 , α 3 ∈ H 3 (Z K ) correspond to α 1 = [ χ 1 ] ∈ H 0 (K 12 ), α 2 = [ χ 3 ] ∈ H 0 (K 34 ), α 3 = [ χ 5 ] ∈ H 0 (K 56 ). Since H 1 (K 1234 ) = 0 and H 1 (K 3456 ) = 0, the products α 1 α 2 ∈ H 1 (K 1234 ) and α 2 α 3 ∈ H 1 (K 3456 ) are zero. A cochain a 12 ∈ C 0 (K 1234 ) such that d(a 12 ) = χ 1 χ 3 = χ 13 is of the form a 12 = χ 3 + c 1 ( χ 1 + χ 2 + χ 3 + χ 4 ) for any c 1 ∈ k. A cochain a 23 ∈ C 0 (K 3456 ) such that d(a 23 ) = χ 3 · χ 5 = χ 35 is of the form a 23 = χ 5 + c 2 ( χ 3 + χ 4 + χ 5 + χ 6 ) for any c 2 ∈ k. Then the associated cocycle ω ∈ C 1 (K) is ω = a 1 a 23 + a 12 a 3 = − χ 25 + (c 1 + 1)d( χ 5 ) − c 2 d( χ 1 ), where d( χ 5 ) = χ 15 + χ 35 + χ 25 and d( χ 1 ) = − χ 16 − χ 14 − χ 15 for χ 1 , χ 5 ∈ C 0 (K). So [ω] = [− χ 25 ] is the only element in α 1 , α 2 , α 3 . This is also evident since the indeterminacy α 1 · H 0 (K 3456 ) + α 3 · H 0 (K 1234 ) is zero. Since [ω] = 0, α 1 , α 2 , α 3 is non-trivial. 
Combinatorial Operations and Massey Products
3.1. Join and stellar subdivision. The join K 1 * K 2 of simplicial complexes K 1 , K 2 induces a cup product on Z K1 * K2 = Z K1 × Z K2 . Analogously, we construct higher Massey products from the join of simplicial complexes. We systematically construct simplicial complexes K such that H * (Z K ) contains a non-trivial n-Massey product α 1 , . . . , α n of classes α i in arbitrary degree. The idea is to create K by first starting with the joinK = K 1 * . . . * K n of n simplicial complexes K i , each of which support α i . In the joinK, the cup product α 1 ∪ . . . ∪ α n is non-trivial.
To obtain K, we stellar subdivide the joinK in such a way that for every l < n, the relevant l-Massey products vanish simultaneously ensuring that the n-Massey product is defined. For a simplicial complex K, the star and link of a simplex I ∈ K are
Definition 3.1. The stellar subdivision of K at I is
Stellar subdivision does not change homotopy type. If K is a triangulation of an n-sphere on m vertices, then ss I K is also a triangulation of S n but on m + 1 vertices. So both Z K and Z ss I K are manifolds, (m + n + 1) and (m + n + 2)dimensional manifolds, respectively. Therefore, if K is a triangulation of a sphere and we find a non-trivial Massey product in H * (Z ss I K ), then Z ss I K is an example of a non-formal/non-Kähler manifold.
We show that the order of stellar subdivisions on a simplicial complex does not affect a full subcomplex on the original vertices. Proof. Since (ss I1 L) V (L) = (L \ st L I 1 ) ∪ ∂ st L I 1 = {J ∈ L | I 1 ⊂ J}, we can alternatively express ss I1 L as {J ∈ L | I 1 ⊂ J} ∪ {J { * 1 } | J, I 1 ∪ J ∈ L and I 1 ⊂ J}. Since I 1 ∩ I 2 = I 1 , I 2 , neither I 1 ⊂ I 2 nor I 2 ⊂ I 1 and so I 1 ∈ ss I2 L and I 2 ∈ ss I1 L. Therefore after stellar subdividing ss I1 L at I 2 ,
A similar expression can be made for N . Then M V (L) = {J ∈ L | I 1 , 0. Let α be represented by a cocycle a that is supported on the p-simplices in S a ⊂ K so that a = σ∈Sa c σ χ σ ∈ C p (K) for a non-zero coefficient c σ ∈ k for each σ ∈ S a . For every simplex σ ∈ S a , let v σ denote one particular choice of vertex in σ. Let P σ be the set We fix an order on the simplices in S a . Let σ (1) be the first element of S a . Then let S (1) a = S a \ P σ (1) . Let σ (2) be the next element after σ (1) (2) . We continue inductively until σ (l) is the last element of S (l−1) a , and let
At each stage, σ / ∈ P σ so S a contains at least the last element σ (l) . Let
This set is non-empty as follows. If p = 0 and H 0 (K) = 0, then K is a disjoint union of at least two vertices. For any v,
Alternatively let p > 0. Since α ∈ H p (K) is non-zero, there is a non-zero cycle x ∈ C p (K) such that a(x) = 0. Let x = τ ∈Tx c τ ∆ τ for non-zero coefficients c τ and a set of p-simplices T x ⊂ K. Let σ ∈ S a ∩ T x . If ∂ is the boundary map and v j is the jth vertex in σ, then ∂(σ) = p+1 j=1 (−1) j+1 ∆ σ\vj = 0. Since x is a cycle, there is a simplex τ ∈ T x , τ = σ, and a vertex v ∈ τ such that τ \ v = τ ∩ σ = σ \ v j for any vertex v j ∈ σ. Hence for any σ ∈ S a ∩ T x , P σ is non-empty.
For i ∈ {1, . . . , n}, let K i be a simplicial complex on [m i ] vertices that is not an (m i − 1)-simplex. Since K i is not a simplex, there is a non-zero cohomology class
We construct a simplicial complex K by stellar subdividingK as follows. For any i < k, (i, k) = (1, n), let σ i ∈ S ai and σ k ∈ P a k . If σ i ∪ σ k ∈K, we stellar subdivideK at the simplex σ i ∪ σ k . For ease of notation, letK denote the resulting simplicial complex ss σi∪σ kK . We iteratively stellar subdivideK at every σ i ∪ σ k for every i < k and every σ i ∈ S ai , σ k ∈ P a k . Let K denote the resulting simplicial complex restricted to the original vertices of K 1 * · · · * K n .
Lemma 3.5. The simplicial complex K is independent of the order of simplices in P a k .
So by Lemma 3.2, the order of P a k does not affect K.
Lemma 3.6. The simplicial complex K is independent of the order in which the pairs {i, k}, 1 i < k n, are chosen.
Proof. For any a i , the set S ai of simplices lies in J i ⊂ V (K i ). Let {i 1 , k 1 } and {i 2 , k 2 } be two pairs of indices. For any σ ij ∈ S ai j and any σ kj ∈ P a k j such that 1 i j < k j n, j = 1, 2, the intersection of σ i1 ∪ σ k1 ⊂ J i1 ∪ J k1 and σ i2 ∪ σ k2 ⊂ J i2 ∪ J k2 is empty. Therefore by Lemma 3.2, we can stellar subdivide at simplices σ i1 ∪ σ k1 and simplices σ i2 ∪ σ k2 in either order. Example 3.7. Let K 1 be the disjoint union of two vertices {1}, {2} and K 2 the simplicial complex in Figure 4a . The join K 1 * K 2 is homotopy equivalent to S 2 ∨S 1 . Let α 1 ∈ H 0 (K 1 ), α 2 ∈ H 0 (K 2 ) be represented by the cochains a 1 = χ 1 and a 2 = χ 3 + χ 4 + χ 5 , respectively. Then S a1 = {1}, and S a2 = {{3}, {4}, {5}}. Following the construction above, for σ 2 = {3} there is only one choice of a vertex v = 3. Then
Therefore K =K 1,2,3,4,5,6 , as in Figure 4b . Since K is contractible, the cup product α 1 α 2 is trivial. Example 3.8. In addition to K 1 and K 2 in Example 3.7, let K 3 be the disjoint union of two vertices {7}, {8}. Let α 3 ∈ H 0 (K 3 ) be represented by a 3 = χ 7 . Then S a3 = S a3 = {7} and P a3 = P {7} = {{8}}. By Construction 3.4, we stellar subdivide K 1 * K 2 * K 3 at σ i ∪ σ k for every σ i ∈ S ai and σ k ∈ P a k for i = 1, 2 and k = i + 1. Since S a2 = {{3}, {4}, {5}}, we obtain the simplicial complex
The resultant simplicial complex K =K 1,2,3,4,5,6,7,8 has a 1-cycle on the edges {1, 3}, {2, 3}, {2, 8}, {1, 8}, which is not a boundary (proved by Lemma 3.12). Therefore H 1 (K) is non-trivial. Proof. Suppose σ k ∈ S a k , σ k ∈ P σ k and let σ i ∈ S ai for an i ∈ {1, . . . , k − 1}. If σ k ∈ S a k ∩ P σ k , then either σ k > σ k or σ k < σ k in the order of simplices in S a k . In the first case, the simplex σ k ∈ P a k and hence σ i ∪ σ k ∈ K and Proof. Suppose the simplicial complex in Figure 3 is a full subcomplex of K k J k , for some k ∈ {2, . . . , n}. Further suppose that S a k = {σ k , σ k }. In Figure 3 , σ k / ∈ P σ k so P a k = P σ k ∪ P σ k . Alternatively, if v k ∈ σ k was chosen so that v k / ∈ σ k ∩ σ k , then σ k ∈ P σ k . Therefore if σ k < σ k in S a k , then P σ k ⊂ P a k and thus fewer stellar subdivisions are made.
We aim to show that there is a non-trivial n-Massey product in H * (Z K ) where K is the simplicial complex created by Construction 3.4. We do this in stages, first showing that the n-Massey product is defined. Proposition 3.11. Let K be a simplicial complex constructed in Construction 3.4. Then α 1 , . . . , α n ⊂ H * (Z K ) is defined.
Proof. Let a i = σi∈Sa i c σi χ σi be a representative cocycle for α i ∈ H pi (K Ji ) for each i ∈ {1, . . . , n − 1}, as in Construction 3.4. As in Section 2.1, we construct a defining system (a i,k ) for the Massey product α 1 , . . . , α n ⊂ H p1+···+p k +|J1∪···∪J k |+2 (Z K ). For 1 i < k n, (i, k) = (1, n), let a i,k ∈ C pi+···+p k (K Ji∪···∪J k ) be the cochain given by
where S ai is the set in (3.1), each vertex v i ∈ σ i is the vertex chosen in Construction 3.4, and θ i,k is the sign θ i,k = 1 when i = k and
Following the stellar subdivisions in Construction 3.4, for any simplex σ i ∪ σ k , the simplex σ i ∪σ k \v k is contained in ∂ st L (σ i ∪σ k ). Hence σ i ∪· · ·∪σ k \(v i+1 ∪· · ·∪v k ) ∈ K. Then since every coefficient c σi is non-zero, the cochain a i,k is not trivial. We show that d(a i,k ) = k−1 r=i a i,r · a r+1,k , as in Section 2.1. By the definition of the coboundary map,
We will show that the only non-zero summands in this summation are when j
Then there are two cases, that is, either j ∈ J i or j ∈ J l for l ∈ {i + 1, . . . , k}.
If j ∈ J i , then j ∪ σ i ∈ K i . Since a i is a cocycle, d(a i ) = 0, so there are other simplices τ 1 , . . . , τ s ∈ S ai such that there is a vertex w n ∈ J i \τ n with w n ∪τ n = j∪σ i for n ∈ {1, . . . , s} and
So, similarly, there are summands in (3.5) corresponding to w n ∪τ n ∪σ i+1 ∪· · ·∪σ k \ (v i+1 ∪· · ·∪v k ) since w n ∪τ n = j ∪σ i and no simplex j ∪σ i ∪· · ·∪σ k \(v i+1 ∪· · ·∪v k ) was stellar subdivided for any j ∈ J i and any σ i ∈ S ai . Therefore,
If j ∈ J l for some l ∈ {i + 1, . . . , k}, then j ∪ σ l \ v l ∈ K l and in particular,
. Therefore, we only consider the case when j ∈ v i+1 ∪ · · · ∪ v k . Then,
Let j ∈ v i+1 ∪ · · · ∪ v k be denoted as v r+1 for r ∈ {i, . . . , k − 1}, then this may be rewritten as
wherev r+1 denotes that the vertex v r+1 is deleted from the sequence v i+1 , . . . , v k .
To show that d(a i,k ) = k−1 r=i a i,r ·a (r+1),k , consider the expression for
For any σ r+1 ∈ S ar+1 \ S ar+1 , we must have that σ r+1 ∈ P ar+1 . Therefore σ i ∪σ r+1 / ∈ K. Hence by applying Lemma 2.2,
To show that d(a i,k ) = k−1 r=i a i,r · a (r+1),k , we need to prove that (3.5) is equal to (3.7). Thus we want to show that
This can be rewritten as
Since v r+1 ∈ σ r+1 , l is given by
where l r+1 is the position of v r+1 in σ r+1 and |σ i | = p i + 1 for every i. So l = (p i + 1) + p i+1 + · · · + p r + l r+1 , and hence
Thus (3.8) may be rewritten as (−1) pi+···+pr+1 θ i,k ε(v r+1 , σ r+1 ), which is equal to (3.10). Hence (3.5) is equal to (3.7), and so d(a i,k ) = k−1 r=i a i,r · a (r+1),k . Therefore (a i,k ) corresponds to a defining system for α 1 , . . . , α n .
Since the n-Massey product α 1 , . . . , α n is defined, it remains to show that this Massey product is non-trivial. To do this, we first verify that there is at least one non-zero cohomology class in α 1 , . . . , α n . Then we show that any other element of α 1 , . . . , α n is also non-zero.
Let ω ∈ C p1+···+pn+1 (K J1∪···∪Jn ) be the associated cocycle for the above defining system. Then,
In particular,
as in (3.7) when i = 1 and k = n, where θ is the coefficient
as in (3.10).
is a non-zero homology class, then this concludes that [ω] = 0. Let σ i ∈ S ai for 2 i < n be fixed. By assumption in Construction 3.4, J 1 and J n were chosen such that there exist σ 1 ∈ S a1 and σ n ∈ P an that are maximal in K J1 , K Jn , respectively. Since
As for any general chain, we can write x 1 as
for a collection of p 1 -simplices S x1 ⊂ K J1 and non-zero coefficients cσ 1 .
Let ∂(σ 2 ∪σ n ) be the boundary of the simplex σ 2 ∪σ n . Then let x 2 ∈ C p2+pn (∂(σ 2 ∪ σ n )) be the cycle
for vertices w 2 ∈ σ 2 ∪σ n and non-zero coefficients c w2 , so that [x 2 ] ∈ H p2+pn (∂(σ 2 ∪ σ n )) is the spherical class. Similarly for 3 i n − 1, let x i ∈ C pi−1 (∂(σ i )) be the cycle given by
For ease of notation, let T x be the set of simplices t that supports x, where t has the form
for a p i -simplexσ 1 ∈ S x1 , and a choice of vertices w 2 ∈ σ 2 ∪ σ n , w i ∈ σ i for 3 i n − 1. We will first show that x is a cycle, before showing that it is also not a boundary. The boundary ∂(x) is given by
We rearrange ∂(x) into four collections of summands, one in which v ∈σ 1 , another for v ∈ σ 2 ∪ σ n \ w 2 , and two more when v ∈ σ i \ w i for 3 i n − 1 where either w 2 ∈ σ 2 or w 2 ∈ σ 2 . Then writing ε(v, t) more explicitly,
Each collection of summands can be written in terms of ∂(x i ), that is
where denotes omission. Since every x i is a cycle, ∂(x i ) = 0. Therefore also ∂(x) = 0 and x is a cycle.
We will show that x is not a boundary. In particular, we will show that the link of a simplex s ∈ T x is empty, so that x cannot be a boundary of a collection of higher dimensional simplices. Let us consider t whenσ 1 
Recall that in Construction 3.4, a 1 ∈ C p1 (K 1 ) and a n ∈ C pn (K n ) were chosen so that there are simplices σ 1 ∈ S a1 and σ n ∈ P an that are maximal in K J1 and K Jn respectively. Hence we have that lk K J 1 (σ 1 ) = ∅ and lk K Jn (σ n ) = ∅. Suppose there is a vertex j ∈ lk K J 1 ∪···∪Jn (s). Then there is an m ∈ {2, . . . , n − 1} such that j ∈ J m . Therefore σ m ∪ j \ v m ∈ K Jm , and in particular σ m ∪ j \ v m ∈ P σm . Thus there would have been a stellar subdivision made at the simplex
This contradicts the assumption that j ∈ lk K J 1 ∪···∪Jn (s). Hence lk K J 1 ∪···∪Jn (s) = ∅ and the cycle x cannot be a boundary. Therefore, the homology class [x] ∈ H p1+···+pn+1 (K J1∪···∪Jn ) is non-zero. Furthermore by (3.12) , the summands of ω are of the form
for σ 1 ∈ S a1 , σ i ∈ S ai for 2 i n. Thus the only non-zero terms in the evaluation of ω on x are when r = 1, w i = v i for 3 i n − 1, and w 2 = v n . Therefore,
Here, x a cycle representative of a non-zero homology class [x] ∈ H p1+···+pn+1 (K J1∪···∪Jn ), so [ω] must also be non-zero.
Example 3.13. Let K be the simplicial complex as in Figure 5a , where stellar subdivisions were performed at the simplices
As in (3.13), the cycle x is supported on a collection of simplices of the form Figure 5b . The simplex s ∈ T x is σ 1 ∪ σ 3 , and the stellar subdivisions performed to construct K secure that lk K (s) = ∅. As in (3.12), summands of ω are of the form χ σ1∪σ2∪σ3\(v2) = χ σ1∪σ3 and χ σ1∪σ2∪σ3\(v3) = χ σ1∪σ2 . Therefore ω evaluates on exactly one simplex of T x ,
(a) A simplicial complex K constructed by stellar subdivisions at σ1 ∪ σ 2 and σ2 ∪ σ 3 .
The cycle x is supported by simplices that include s, whose link is empty.
Figure 5
As in Section 2.1, the above lemma shows that the cohomology class
is non-zero. It remains to show that every other element of the Massey product α 1 , . . . , α n is also non-zero.
Proof. We will show that for the cycle x constructed in Lemma 3.12 and any element
Let (a i,k ) be any defining system of α 1 , . . . , α n , where a i,k ∈ C pi+···+p k (K Ji∪···∪J k ) as in Section 2.1. Also let S a i,k be the set of (p i + · · · + p k )-simplices such that
for non-zero coefficients c σ ∈ k. The differential increases the degree of cochains by one, which in particular corresponds to adding a vertex to the simplices in S a i,k . Since the base of the defining system is given by a i = σi∈Sa i c σi χ σi for every i, for any σ i ∈ S ai there is at least one simplex in S a2,n of the form σ 2 ∪ · · · ∪ σ n \ (u 2 ∪ · · · ∪ u n−1 ) for σ i ∈ S ai and vertices u i ∈ σ 2 ∪ · · · ∪ σ n for 2 i n, u i = u j . So a 1 a 2,n contains a summand supported on a simplex of the form
Let ω be the associated cocycle for this defining system (a i,k ),
for non-zero coefficients c τ ∈ k. By the definition of an associated cocycle, ω has a summand a 1 a 2,n . Hence S ω contains σ in (3.15 ). We would like to compare the simplices σ in (3.15) and t in (3.13) . Specifically, we want to show that S ω ∩T x = ∅.
Since σ 1 ∈ S a1 , σ i ∈ S ai for 2 i n, we have that σ i / ∈ P ai for every i = 1, . . . , n. Therefore σ 1 ∪ · · · ∪ σ n ∈ K since it was not removed by stellar subdivision in Construction 3.4. Then both σ and t are (p 1 + · · · + p n + 1)-dimensional faces of σ 1 ∪ · · · ∪ σ n . If there is no appropriate set of choices of u i and w i such that σ = t, then there is a cochain b ∈ C p1+···+pn (K) such that ω + d(b) contains a summand χ t and no summand χ σ . Rename this cocycle as ω . Then t ∈ S ω ∩ T x . Therefore, the evaluation ω (x) has at least one non-zero term. However, there could be other simplices in S ω ∩ T x and so we cannot conclude that ω (x) is non-zero.
We construct a cocycle ω and a cycle x such that
, and ω (x ) = 0. Set an order on the simplices T x such that the simplex s in (3.14) is the last in this order. We work inductively to remove simplices in S ω ∩ T x so that S ω ∩ T x contains only the simplex s. Let us start at the first simplex τ ∈ T x .
Suppose that both T x and S ω contain τ = s. Then there is a non-zero term in the evaluation of ω on x. The link of τ is non-empty, since τ = s and because K was constructed from the join of simplicial complexes. So there is a (p 1 + . . . + p k + 2)dimensional simplex A ∈ K J1∪···∪Jn containing τ in its boundary.
Suppose S ω does not contain any other face of A. Then replace x by x , where the simplex τ ∈ T x is replaced by the (p 1 + . . .
There may be a simplex τ that shares a boundary with τ Figure 6 . If the link of τ is non-empty, then the cycle x can be changed to x Alternatively, suppose S ω contains another face τ of A. Since x is a cycle, there is another simplex t ∈ T x such that τ ∩ τ ⊂ t (as shown in Figure 6c ). If t < τ in the order on T x , then again we create the cycle x from x by replacing τ in T x by the (p 1 + . . . + p k + 1)-simplices in ∂(A) \ τ . Then τ is not contained in x . By induction, τ / ∈ T x , otherwise we would have considered it before τ . Similarly since t < τ , the induction process means that t / ∈ S ω . On the other hand, suppose S ω contains another face τ of A and t > τ in the
So ω does not contain a summand χ τ , but does have a summand χ t , and [ω ] = [ω ]. We continue the induction process on the next simplex in T x .
Finally we come to a cocycle ω and a cycle x such that S ω ∩T x = s. Since the cycle x only depended on particular choices of σ i for all i ∈ {1, . . . , n}, and since the link of the simplex s in K J1∪···∪Jn is empty, the induction process terminates. The evaluation of ω on x only has one non-zero term, which is supported by the simplex s. Thus ω (x ) = 0, and so [ω ] = [ω ] is non-zero. 
Let ω be the associated cocycle for this defining system. Then
Therefore [ω] is supported on the 1-cycle given by the edges {1, 3}, {2, 3}, {2, 8}, {1, 8}. Alternatively, another defining system could have a 2,3 = χ 8 + χ 6 + χ 7 . Then, the associated cocycle ω for this defining system is given by
Thus [ω ] is also supported on the 1-cycle given by the edges {1, 3}, {2, 3}, {2, 8}, {1, 8}. By Proposition 3.14, this is true for all other defining systems and α 1 , α 2 , α 3 is a non-trivial Massey product.
In summary, Proposition 3.11, Lemma 3.12 and Proposition 3.14 prove the following theorem.
Theorem 3.16. For i ∈ {1, . . . , n}, let K i be a simplicial complex on [m i ] that is not an (m i − 1)-simplex. Then there exists a simplicial complex K, obtained by performing stellar subdivisions on K 1 * · · · * K n , with a non-trivial n-Massey product in H * (Z K ).
Two key examples of Theorem 3.16 are the families of Baskakov and Limonchenko.
Example 3.17 (Baskakov's family). For i = 1, 2, 3, let K i be a triangulation of a (n i − 1)-sphere on [m i ]. Let I 1 ∈ K 1 , I 2 , I 2 ∈ K 2 , I 3 ∈ K 3 be maximal simplices such that I 2 and I 2 are adjacent. That is, there is a vertex v 2 ∈ K 2 such that
Similarly let I 3 ∈ K 3 be a maximal simplex adjacent to I 3 so that there exists a vertex v 3 ∈ K 3 such that I 3 ∩ I 3 ∪ v 3 = I 3 . Let a 1 = χ I1 , a 2 = χ I 2 , and a 3 = χ I 3 be cocycle representatives of α i ∈ H ni−1 (K i ) for i = 1, 2, 3. Then Construction 3.4 produces the same family of simplicial complexes as given by Baskakov [3] . Therefore For i = 1, . . . , n, let K i be a copy of two disjoint points labelled {σ i }, {σ i }. Each of these simplicial complexes K i is the boundary of the dual of an interval I i . The join K 1 * · · · * K n corresponds to the n-cube, I 1 × · · · × I n . For a simplicial complex that is the boundary of the dual of a polytope, stellar subdivisions correspond to face truncations in the polytope. In particular, the stellar subdivisions in Construction 3.4 correspond to the truncations of codimension-two faces given by Limonchenko [10] . Therefore Theorem 3.16 recovers the infinite family of examples of non-trivial n-Massey products given by Limonchenko.
Theorem 3.16 does not just recover these existing results about non-trivial Massey products in the cohomology of moment-angle complexes. Theorem 3.16 creates nontrivial n-Massey products from any non-zero cohomology classes supported on a full subcomplex of any simplicial complex K i . Therefore there is no limit on the dimension of the classes α i , nor on the size of n, that is, how many classes α i there are. In particular, using this construction it is possible to have Massey products on torsion elements. Example 3.19. Let K 1 be a triangulation of RP 2 on 6 vertices as in Figure 7 . Let K 2 , K 3 be copies of two disjoint vertices labelled 6, 7 and 8, 9, respectively. Let α 1 ∈ H 2 (K 1 ) be represented by χ 012 . For i = 2, 3, let α i ∈ H 0 (K i ) be represented by a 2 = χ 6 and a 3 = χ 8 , respectively. By Construction 3.4, P a2 = {{7}} and P a3 = {{9}}. Then letK = ss {0127} ss {69} K 1 * K 2 * K 3 and let K =K 0123456789 . By Theorem 3.16, there is a non-trivial triple Massey product α 1 , α 2 , α 3 ⊂ H 14 (Z K ). This is the smallest example of a non-trivial triple Massey product on a torsion class since K 1 is the triangulation of RP 2 on the fewest number of vertices.
Since α 1 is the generator of H 2 (K 1 ) ∼ = H 2 (RP 2 ), α 1 is a torsion element. The cocycle constructed in (3.12) is ω = − χ 0126 − χ 0128 ∈ C 3 (K), and it can be checked that the corresponding class [ω] ∈ α 1 , α 2 , α 3 is not a torsion element in H 14 (Z K ).
Also, there is a cochain a 1,2 = χ 126 + χ 124 − χ 147 − χ 347 + χ 037 + χ 027 such that d(a 1,2 ) = χ 0126 ∈ C 3 (K 01234567 ), which is different to a 1,2 constructed in (3.3). The associated cocycle to this defining system is ω = − χ 0126 + χ 1268 + χ 1248 − χ 1478 − χ 3478 + χ 0378 + χ 0278 . It can be checked that [ω ] = 0 and that [ω] = [ω ]. Therefore α 1 , α 2 , α 3 has non-trivial indeterminacy. In particular, the indeterminacy is given by
3.2. Edge contraction. The next section demonstrates a systematic method to create non-trivial higher Massey products given existing non-trivial higher Massey products. The idea is to contract edges of a simplicial complex K in a way that preserves the homotopy type of K. We first define such an edge contraction. 
Edge contractions are simplicial maps, but they do not preserve the topology of K in general. Attali, Lieutier and Salinas [1] showed that the homotopy type of a simplicial complex is preserved under edge contractions that satisfy the link condition. Here, despite the fact that the dimension of the simplicial complex has reduced, the homotopy type has remained the same as the link condition holds. The following properties of edge contractions will help calculations of Massey products later. LetK be a simplicial complex and letx ∈ C q (K). Thenx is supported on a collection Tx of simplices so thatx can be written as σ∈Tx cσ∆σ where cσ ∈ k and ∆σ is a generator of C q (K). Then there is a non-zero class [x] ∈ H q (K) and a representative x ∈ C q (K) such that for everyσ ∈ Tx, there is exactly one lift ofσ in the collection T x of simplices that supports x.
Proof. Letx ∈ C q (K) be a representative of [x]. By Theorem 3.21 and since ϕ : K →K satisfies the link condition, there exists a cycle x ∈ C q (K) such that
where sgn is the sign of the permutation. Let x = σ∈Tx c σ ∆ σ , where ∆ σ is a generator of C q (K) and c σ ∈ k is non-zero. Suppose there are two different q-simplices σ, τ ∈ T x such that ϕ(σ) = ϕ(τ ) =σ ∈K. Let {u, v} ∈ K be the edge that is contracted by ϕ. Since ϕ(σ) = ϕ(τ ), let u ∈ σ and v ∈ τ . Then 
Since x is a cycle, ϕ # (x ) is also a cycle, which implies that The aim of this section is to create a non-trivial n-Massey product in the cohomology of a moment-angle complex Z K , given an existing non-trivial n-Massey product in the cohomology of another moment-angle complex ZK, where K is mapped ontoK by a series of edge contractions.
Construction 3.26. LetK be a simplicial complex with a non-trivial n-Massey product α 1 , . . . ,α n ⊂ H * (ZK). As in Section 2.1, every classα i ∈ H * (ZK) has a corresponding classα i ∈ H pi (KĴ i ) for a set of verticesĴ i ⊂ V (K). FurthermoreĴ i ∩Ĵ j = ∅ for any i = j since α 1 , . . . ,α n is non-trivial; otherwise for any a ∈ C p (KĴ
Suppose there is a simplicial complex K and a series of edge contractions that satisfy the link condition, ϕ : K →K. Let the vertices in V (K) be ordered and suppose that all of the vertices inĴ i come before those ofĴ i+1 . For a set of psimplices P ⊂K, let ϕ −1 p (P ) = {p-simplex σ ∈ K : ϕ(σ) =σ forσ ∈ P }. Then let the vertices V (K) be ordered and suppose the order is such that for any vertexv that comes beforeŵ inK, we also have v before w for every v ∈ ϕ −1 0 (v) and
for non-zero coefficients cσ i ∈ k. Then, let a i ∈ C pi (K Ji ) be the cochain Proof. For ease of notation, we omit the index i in the following proof, that is, let a = a i , p = p i , J = J i , etc. Let V (σ) denote the vertices of a simplex σ. Applying the coboundary map to a,
Since V (σ) ⊂ ϕ −1 0 (V (σ)) ⊂ J for anyσ ∈ Sâ, this may be written as
. Moreover, i, j are consecutive vertices in V (σ) by the order of the vertices in K defined in Construction 3.26, so ε(j,σ) = −ε(i,σ). Therefore, for anyσ ∈ Sâ,
Next consider (3.18). For j ∈ J \ ϕ −1 0 (V (σ)) such that j ∪ σ ∈ K, there is a corresponding simplex ϕ(j ∪ σ) = ϕ(j) ∪ ϕ(σ) ∈K. Hence for any summand ε(j, j ∪ σ) χ j∪σ in (3.18), there is a corresponding summand ε(ϕ(j), ϕ(j ∪ σ)) χ ϕ(j∪σ) in the expression for d(â).
Since d(â) = 0, there are other simplicesτ 1 , . . . ,τ s ∈ Sâ with a vertexŵ n = ϕ(j ∪ σ) \τ n for n ∈ {1, . . . , s} such that c ϕ(σ) ε(ϕ(j), ϕ(j ∪ σ)) χ ϕ(j∪σ) + s n=1 cτ n ε(ŵ n ,ŵ n ∪τ n ) χŵ n∪τn = 0.
Therefore there is a p-simplex τ n ∈ K such that τ n is a maximal face of j ∪ σ, and so ϕ(w n ∪ τ n ) =ŵ n ∪τ n for the vertex w n = j ∪ σ \ τ n . Furthermore, ε(w n , w n ∪ τ n ) = ε(ŵ n ,ŵ n ∪τ n ) by the ordering of vertices in K. Thus, (3.18) has summands ε(w n , w n ∪ τ n ) χ wn∪τn such that
This means that (3.18) is zero, and hence a is a cocycle. Supposeâ 1 = χ2 + χ3 ∈ C 0 (KĴ 1 ). We have that d(â 1 ) = − χ2 ,3 + χ2 ,3 = 0. By (3.17), a 1 = χ 2 + χ 3 + χ 4 ∈ C 0 (K J1 ). Then d(a 1 ) = − χ 2,3 + ( χ 2,3 − χ 3,4 ) + χ 3,4 = 0. The summands of the form χ 2,3 correspond to the summands χ2 ,3 in d(â 1 ) as summands in (3.18) . The summands of the form χ 3,4 cancel in pairs as summands in (3.19) . So a 1 is a cocycle.
Furthermore, we check that a i is not a coboundary.
Proof. Since the Massey product α 1 , . . . ,α n is non-trivial, the classα i ∈ H pi (KĴ i ) is non-zero. Therefore there is a homology class [x] ∈ H pi (KĴ i ) such that the evaluationα i (x) is non-zero. Letx be supported on a collection Tx ⊂KĴ i of p i -simplices so thatx = τ ∈Tx cτ ∆τ for cτ ∈ k.
By Lemma 3.25, there is a non-zero class [x] ∈ H pi (K Ji ) and a representative x ∈ C pi (K Ji ) such that for everyτ ∈ Tx, there is exactly one lift ofτ in the collection T x of simplices that supports x. For anyτ ∈ Tx, let
By definition, any σ ∈ ϕ −1 pi (σ) forσ ∈ Sâ i does not contract since bothσ and σ are p i -simplices. Therefore, evaluating the cocycle a i on the cycle x,
Then since c τ = cτ , this is equal toα i (x). So since the evaluationα i (x) is nonzero, then also a i (x) is non-zero. Therefore, α i = [a i ] ∈ H pi (K Ji ) is a non-zero cohomology class.
By Section 2.1, for the Massey product α 1 , . . . ,α n ⊂ H (p1+···+pn)+|Ĵ1∪···∪Ĵn|+2 (ZK), there is a defining system (â i,k ) for cochainsâ i,k ∈ C pi+···+p k (KĴ i∪...∪Ĵk ), 1 i k n and (i, k) = (1, n). Suppose Proposition 3.31. Let K be a simplicial complex that maps toK by edge contractions satisfying the link condition. Then there is a n-Massey product α 1 , . . . , α n defined on H * (Z K ).
Proof. For every i ∈ {1, . . . , n}, let α i = [a i ] for a i as in (3.17) . We construct a defining system (a i,k ) for α 1 , . . . , α n ⊂ H * (Z K ), where a i,k ∈ C pi+···+p k (K Ji∪···∪J k ) as in Section 2.1. For i = k, let
When i = k, let θ i,i = 1 =θ i,i so that a i,i = a i as in (3.17 ). We will show that d(a i,k ) = k−1 r=i a i,r a r,k , where a i,r = (−1) 1+deg ai,r a i,r as in Definition 2.4. Applying the coboundary map to a i,k ,
This may be rewritten as
For any τ ∈ Sâ i,k and any τ ∈ ϕ −1 pi+···+p k (τ ), first suppose there is a vertex j ∈ ϕ −1 0 (V (τ )) \ V (τ ) such that j ∪ τ ∈ K. Then j ∪ τ =τ ∈ ϕ −1 pi+···+p k +1 (τ ) and there is a vertex i ∈ V (τ ) such that ϕ(i) = ϕ(j). Thus j ∪ τ \ i ∈ ϕ −1 pi+···+p k (τ ). Moreover, i, j are consecutive vertices in V (τ ) by the order of vertices in K defined in Construction 3.26, so ε(j,τ ) = −ε(i,τ ). Therefore (3.25) is zero since all summands cancel out in pairs, that is, for anyτ ∈ Sâ i,k ,
Consider (3.24). For any
, there is a simplex ϕ(j) ∪τ ∈K. Therefore any summand in (3.24) has a corresponding summand in the expression for d(â i,k ). Hence (3.24) may be rewritten as (3.26)
where, by the order of vertices in K, ε(j, j ∪ τ ) = ε(ĵ,ĵ ∪τ ). Since d(â i,k ) = k−1 r=iâ i,râr,k , the expression in (3.26) can be written in terms of the expression in (3.21) . That is, d(a i,k ) is equal to (3.27 )
where (−1) 1+deg(âi,r) = (−1) (pi+···+pr)+|Ĵi∪···∪Ĵr| and c = (−1) |Ĵi∪···∪Ĵr|(pr+1+···+p k +1) comes from the product ofâ i,r andâ r,k , as in Lemma 2.2. Any simplex ζ ∈ ϕ −1 pi+···+p k +1 (ν ∪η) is on p i + · · · + p k + 2 vertices and so can be written as ν ∪η for ν the restriction of ζ to its first p i +· · ·+p r +1 vertices, and η the restriction of ζ to its last p r+1 +· · ·+p k +1 vertices. Then ν ∈ ϕ −1 pi+···+pr (ν) and η ∈ ϕ −1 pr+1+···+p k (η). Furthermore,θ i,k (−1) 1+deg(âi,r) c = (−1) (pi+···+pr)θ i,rθr+1,k . So (3.27) may be rewritten as
Comparatively, the product
where (−1) 1+deg(ai,r) = (−1) (pi+···+pr)+|Ji∪···∪Jr| and the sign (−1) |Ji∪···∪Jr|(pr+1+···+p k +1) comes from the product of a i,r and a r+1,k as in Lemma 2.2. Using the expression for θ i,k in (3.23), (−1) 1+deg(ai,r) (−1) |Ji∪···∪Jr|(pr+1+···+p k +1) θ i,r θ r+1,k = (−1) (pi+···+pr) θ i,k . Therefore the expressions in (3.28) and (3.29) are equal. Hence d(a i,k ) = k−1 r=i a i,r a r,k , and so (a i,k ) is a defining system for the Massey product α 1 , . . . , α n . Supposeâ 1 = χ2 ∈ C 0 (KĴ 1 ),â 2 = χ4 ∈ C 0 (KĴ 2 ), andâ 1,2 = − χ2 ∈ C 0 (KĴ 1 ∪Ĵ2 ). Then d(â 1,2 ) = χ2 ,4 = (−1) 1+degâ1â 1â2 . By (3.17), a 1 = χ 2 + χ 3 ∈ C 0 (K J1 ) and a 2 = χ 4 ∈ C 0 (K J2 ). By (3.22), a 1,2 = − χ 2 − χ 3 ∈ C 0 (K J1∪J2 ), since θ 1,2 = 1. We have that d(a 1,2 ) = ( χ 2,4 + χ 2,3 ) − χ 2,3 = χ 2,4 = (−1) 1+deg a1 a 1 a 2 = a 1 a 2 .
Since there is a n-Massey product α 1 , . . . , α n defined on H * (Z K ), it remains to show that this Massey product is non-trivial. To do this, we first check that there is at least one non-zero cohomology class in α 1 , . . . , α n .
Let ω ∈ C (p1+···+pn)+|J1∪···∪Jn|+2 (Z K ) be the associated cocycle for the defining system (a i,k ) for α 1 , . . . , α n . Then ω = n−1 r=1 a 1,r a r,n ∈ C p1+···+pn+1 (K J1∪···∪Jn ).
As in (3.29) when i = 1 and k = n, we can express ω as the cocycle
Proof. We will show that there is a cycle x ∈ C p1+···+pn+1 (K J1∪···∪Jn ) such that [x] = 0 and ω(x) = 0. By assumption, there is a non-zero element [ω] ∈ α 1 , . . . ,α n ⊂ H * (ZK). As in Section 2.1, this may be represented by the cocycleω = where (−1) 1+deg(â1,r) = (−1) (p1+...+pr)+|Ĵ1∪···∪Ĵr| and the sign (−1) |Ĵ1∪···∪Ĵr|(pr+1+···+pn+1) comes from the product ofâ 1,r andâ r,n , as in Lemma 2.2 . Since [ω] is non-zero, there is a non-zero homology class [x] ∈ H p1+···+pn+1 (KĴ 1∪···∪Ĵn ) such thatω(x) = 0. Let the representing cyclex be supported on a collection Tx ⊂KĴ 1 ∪···∪Ĵn of (p 1 + · · · + p n + 1)-simplices,
cτ ∆τ for cτ ∈ k and ∆τ a generator of C p1+···+pn+1 (KĴ 1∪···∪Ĵn ). By Lemma 3.25, there is a non-zero class [x] ∈ H p1+···+pn+1 (K J1∪···∪Jn ) and a representative x ∈ C p1+···+pn+1 (K J1∪···∪Jn ) such that for everyσ ∈ Tx, there is exactly one lift ofσ in the collection T x of simplices that supports x. For anŷ τ ∈ Tx, let c τ = cτ for τ ∈ T x such that ϕ(τ ) =τ . Then for c τ ∈ k, let
Since (−1) 1+deg(a1,r) (−1) |J1∪···∪Jr|(pr+1+···+pn+1) θ 1,r θ r+1,n = (−1) (p1+···+pr) θ 1,n , we evaluate the cocycle ω on the cycle x using the expression (3.30) for ω,
Since everyτ ∈ Tx has exactly one lift τ ∈ T x , and ϕ(ν ∪ η) =ν ∪η, we have that χ ν∪η (τ ) = 0 if and only if χν ∪η (τ ) = 0. Also c τ = cτ for τ ∈ T x such that ϕ(τ ) =τ . Therefore,
We also have (−1) (p1+···+pr)θ 1,rθr+1,n = (−1) 1+deg(â1,r) (−1) |Ĵ1∪···∪Ĵr|(pr+1+···+pn+1)θ 1,n . Hence ω(x) = θ 1,nθ1,nω (x).
So sinceω(x) = 0, also ω(x) = 0. Thus [ω] ∈ H p1+···+pn+1 (K J1∪···∪Jn ) is nonzero.
Therefore by Section 2.1, we have shown that α 1 , . . . , α n ⊂ H (p1+···+pn)+|J1∪···∪Jn|+2 (Z K ) contains a non-zero element. It remains to show that every other element [ω ] ∈ α 1 , . . . , α n is also non-zero. In Lemma 3.33, ω was the associated cocycle of a defining system for α 1 , . . . , α n that was constructed from a defining system for α 1 , . . . ,α n . Therefore in a sense ω was derived from an associated cocyclê ω ∈ C * (ZK). However, not every defining system for α 1 , . . . , α n can be directly constructed from a defining system for α 1 , . . . ,α n in this way. 
LetK be a simplicial complex on the vertices {1,2,3,5,6,7,8}, obtained from ss {5,8} ss {1,3,6}K 1 * K 2 * K 3 by restricting to the original vertices. The simplicial complexK1 ,2,3,5,6 is shown in Figure 9a . Then by Theorem 3.16, there is a non-trivial triple Massey product α 1 ,α 2 ,α 3 ⊂ H * (ZK). There are a number of options forâ 1,2 such that d(â 1,2 ) = (−1) 1+deg(â1)â 1â2 = (−1) 3+1 χ135 = χ135 . For example χ13 or − χ16 − χ12 − χ15 .
Let K be the simplicial complex on vertices {1, . . . , 8} that edge contracts toK by contracting the edge {1, 4} → {1} as in Figure 9b . This edge contraction satisfies the link condition. By Construction 3.26, we have cocycles a 1 = χ 13 , a 2 = χ 5 , a 3 = χ 7 . Then a 1 a 2 = χ 13 χ 5 = (−1) 4 χ 135 = χ 135 . Using (3.22), we can construct options for a 1,2 . For example, χ13 becomes θ 1,2θ1,2 χ 13 = − χ 13 . For the cochain a 1,2 = − χ16 − χ12 − χ15 , the support is Sâ 1,2 = {{1,6}, {1,2}, {1,5}}. Then The simplicial complex K1,2,3,4,5,6, which is missing the simplex {1, 3, 6} Figure 9 . The simplicial complex K 1,2,3,4,5,6 maps toK1 ,2,3,5,6 by contracting the edge {1, 4} → {1}.
as in (3.22 ). However,
Therefore a 1,2 does correspond to a choice ofâ 1,2 after adding a coboundary. In a similar way, in the proof of Proposition 3.35 we will show that any defining system (a i,k ) for α 1 , . . . , α n corresponds to a defining system (â i,k ) for α 1 , . . . ,α n . Proof. For any series of edge contractions ϕ : K →K, we can repeat the arguments in this proof for each edge contraction in turn. Suppose that ϕ : K →K is the contraction of just one edge {u, v} ∈ K. By Construction 3.26, {u, v} ⊂ J i for i ∈ {1, . . . , n}.
For a i,i = a i as defined in (3.17), let (a i,k ) be a defining system for α 1 , . . . , α n ,
We will show that any defining system (a i,k ) corresponds to a defining system (â i,k ) for α 1 , . . . ,α n in H * (ZK). There are two main stages to this proof. Firstly, for a defining system (a i,k ) such that {u, v} / ∈ σ for any σ ∈ S a i,k and any pair {i, k}, we construct a corresponding defining system (ϕ * (a i,k )) for α 1 , . . . ,α n . Secondly, for any other defining system (a i,k ), we create a different defining system ( a i,k ) for α 1 , . . . , α n such that {u, v} / ∈ σ for any σ ∈ S a i,k and any pair {i, k}. Then applying the first step to ( a i,k ), we have a defining system (ϕ * ( a i,k )) that corresponds to (a i,k ).
For this first step, suppose that {u, v} / ∈ σ for any σ ∈ S a i,k and any pair {i, k}. That is, no simplex σ ∈ S a i,k is contracted. Let a ∈ C p (K Ji∪···∪J k ) be a general cochain such that {u, v} / ∈ σ for any σ ∈ S a , where either p = p i + · · · + p k or p = p i + · · · + p k + 1. We will define ϕ * (a) ∈ C p (K ϕ(Ji∪···∪J k ) ) when either a is a cocycle, or a = a i,k and p = p i + · · · + p k , or ϕ(σ) = ϕ(σ ) for any σ, σ ∈ S a .
Let a = σ∈Sa c σ χ σ . Suppose there are simplices σ, σ ∈ S a such that ϕ(σ) = ϕ(σ ). We will show that c σ = c σ . Without loss of generality, let u ∈ σ and v ∈ σ . By the link condition, σ ∪ v = σ ∪ u is a simplex in K. So, d(a) contains summands such as
Due to the labelling of vertices in Construction 3.26, the labels u and v are always For J ⊂ [m], letĴ = ϕ(J). Then when either a is a cocycle, or a = a i,k and p = p i + · · · + p k , or ϕ(σ) = ϕ(σ ) for any σ, σ ∈ S a , let
where cσ = c σ for any σ ∈ S a such that ϕ(σ) =σ, c i,i = 1 and
To show that (ϕ * (a i,k )) is a defining system for α 1 , . . . ,α n , we will check three properties of ϕ * (a). Firstly, for any constant c ∈ k and for a = c σ χ σ , b = c τ χ τ in C p (K Ji∪···∪J k ) where p is either p i + · · · + p k or p i + · · · + p k + 1 and {u, v} / ∈ σ, τ , Secondly, let a = σ∈Sa c σ χ σ ∈ C pi+···+p k (K Ji∪···∪J k ). Then
Suppose that for every summand χ j∪σ that is not cancelled by other summands in d(a), j ∪ σ does not contract. That is, |j ∪ σ| = p i + · · · + p k + 2 = |ĵ ∪σ| wherê j = ϕ(j) andσ = ϕ(σ). We want to show that ϕ * (d(a)) is a coboundary. We have
where ε(j, j ∪ σ) = ε(ĵ,ĵ ∪σ) due to the order on vertices in K and since j ∪ σ does not contract. LetŜ = {ϕ(σ) | σ ∈ S a , |ϕ(σ)| = p i + · · · + p k + 1} and let b = σ∈Ŝ cσ χσ ∈ C pi+···+p k (KĴ i∪···∪Ĵk ). Then (3.33) ϕ * (d(a)) = d (b) .
In particular, let a = a i,k for some i, k, so {u, v} / ∈ σ for any σ ∈ S a i,k . Suppose that for a simplex σ ∈ S a i,k , there is a simplex j∪σ ∈ K Ji∪···∪J k for j ∈ J i ∪· · ·∪J k \σ that is contracted. That is, {u, v} ∈ j ∪ σ. By the definition of a defining system, d(a i,k ) = k−1 r=i a i,r a r,k . Therefore either c σ ε(j, j ∪ σ) χ j∪σ is cancelled by other terms in d(a i,k ), or there exists i r < k and simplices τ ∈ S ai,r , η ∈ S a r+1,k such that τ ∪ η = j ∪ σ. In the latter case, if {u, v} ∈ j ∪ σ, then {u, v} ∈ τ ∪ η. This implies that either {u, v} ∈ τ or {u, v} ∈ η, since by construction {u, v} ⊂ J i for an 1 i n and τ ∈ S ai,r ⊂ J i ∪ · · · ∪ J r , η ∈ S a r+1,k ⊂ J r+1 ∪ · · · ∪ J k . This then contradicts the assumption that {u, v} / ∈ σ for any σ ∈ S a i,k and any {i, k}. Hence a summand of the form c σ ε(j, j ∪ σ) χ j∪σ , where {u, v} ∈ j ∪ σ, is cancelled out by other summands. Therefore ϕ * (d(a i,k )) = d(ϕ * (a i,k )).
Thirdly, let a i,r = τ ∈Sa i,r c τ χ τ , a i,r ∈ C pi+···+pr (K Ji∪···∪Jr ) and a r+1,k = η∈Sa r+1,k
Since (−1) 2 = 1, (−1) |Ĵi∪···∪Ĵr|(pr+1+···+p k +1) = (−1) −|Ĵi∪···∪Ĵr|(pr+1+···+p k +1) . So using the expressions for c i,r and c r+1,k , and using deg ϕ * (a i,r ) = 1 + p i + · · · + p r + |Ĵ i ∪ · · ·Ĵ r |,
By assumption, {u, v} / ∈ σ for any σ ∈ S a i,k and any {i, k}. Thus {u, v} / ∈ τ and {u, v} / ∈ η for any i r < k and any simplices τ ∈ S ai,r , η ∈ S a r+1,k . Also by construction, {u, v} ⊂ J i for an index 1 i n, so {u, v} / ∈ τ ∪ η. Hence ϕ(τ ∪ η) = ϕ(τ ) ∪ ϕ(η) is a (p i + · · · + p k + 1)-simplex. Therefore using the definition of ϕ * (a), the properties in (3.32), and the fact that
Pairing this with the fact that ϕ * (d(a i,k )) = d(ϕ * (a i,k )) for any i, k, we have that
Lastly, by the definition of a i = a i,i in (3.17), ϕ * (a i,i ) =â i,i =â i . Hence (ϕ * (a i,k )) is a defining system for α 1 , . . . ,α n if (a i,k ) is a defining system such that {u, v} / ∈ σ for any σ ∈ S a i,k and any pair {i, k}. Also, if ω is the associated cocycle for (a i,k ), then
so ϕ * (ω) is the associated cocycle for (ϕ * (a i,k )). Moreover if [ω] = 0, then there is a cochain a ∈ C p1+···+pn (K J1∪···∪Jn ) such that ω + d(a) = 0. No simplices in S ω contract, and d(a) = −ω. Then by (3.32) and (3.33), ϕ * (ω +d(a)) = ϕ * (ω)+d(b) = 0 for a cochain b ∈ C pi+···+p k (KĴ i∪···∪Ĵk ). So [ϕ * (ω)] = 0, which contradicts the non-triviality of α 1 , . . . ,α n . Hence [ω] = 0.
For the second stage of this proof, suppose that (a i,k ) is a defining system for α 1 , . . . , α n such that there is a pair of indices {i, k} with {u, v} ∈ σ for some σ ∈ S a i,k . We will create another defining system ( a i,k ) for α 1 , . . . , α n such that {u, v} / ∈ σ for any σ ∈ S a i,k and such that
where ω, ω are the associated cocycles for (a i,k ), ( a i,k ), respectively.
The cocycle a i = a i,i as defined in (3.17 ) is such that {u, v} / ∈ σ for every σ ∈ S ai . Therefore, let {i, k} be a pair of indices such that there is a simplex σ ∈ S a i,k with {u, v} ∈ σ, and for every i < i < k < k, {u, v} / ∈ σ for any σ ∈ S a i ,k . Let σ ∈ S a i,k be a simplex such that {u, v} ∈ σ, and let c σ be the (non-zero) coefficient of χ σ in a i,k . Then for every pair {i , k } ⊂ [n], let c = −(−1) 1+deg a i,k c σ ε(u, σ) and let
where χ σ\u ∈ C pi+···p k −1 (K Ji∪···∪J k ). We will show that ( a i ,k ) is a defining system for α 1 , . . . , α n . Firstly since k − i > 1, a i ,i = a i ,i for every i ∈ [n]. We also need to show that d( a i ,k ) = k −1 r=i a i ,r a r+1,k for every {i , k }.
Hence a i,k ∈ C pi+···p k (K Ji∪···∪J k ) and deg a i,k = deg a i,k . Additionally,
So χ σ is the only summand of d( χ σ\u ) such that {u, v} ∈ σ. Thus a i,k −c σ ε(u, σ) d( χ σ\u ) no longer contains the summand χ σ and also
Next, for i < i < k = k , we have a i ,i−1 ∈ C p i +···+pi−1 (K J i ∪···∪Ji−1 ) and so
For i = i < k < k , we have that a i,k ∈ C pi+···+p k (K Ji∪···∪J k ) since χ σ\u a k+1,k ∈ C pi+···+p k (K Ji∪···∪J k ). Furthermore,
More specifically, let c = −(−1) 1+deg a i,k c σ ε(u, σ). Then in the last summand, c (−1) deg χ σ\u χ σ\u a k+1,r = (−1) pi+···+p k −1+|Ji∪···∪J k |+1 (−1) 2+p k+1 +···+pr+|J k+1 ∪···∪Jr| c χ σ\u a k+1,r = (−1) 2+pi+···+p k +|Ji∪···∪J k | c χ σ\u a k+1,r = (−1) 1+deg ai,r c χ σ\u a k+1,r .
Therefore where l denotes omission. Thus
Therefore for all {i , k }, a i ,k ∈ C p i +···+p k (K J i ∪···∪J k ) and d( a i ,k ) = k −1 r=i a i ,r a r+1,k . So ( a i ,k ) is a defining system for α 1 , . . . , α n . Also σ / ∈ τ for any τ ∈ S a i ,k and any {i , k }. The associated cocycle ω for this defining system is given by n−1 r=1 a 1,r a r+1,n . Thus by calculating n−1 r=1 a 1,r a r+1,n in a similar manner as in the above calculations,
where ω is the associated cocycle for (a i ,k ). (There is no a 1,n , so it is not possible for i = 1, k = n.) So in terms of the cohomology classes, If there is a cochain a i ,k such that {u, v} ∈ σ for some σ ∈ S a i ,k , then we can repeat the above procedure to construct ( a i ,k ), etc. In each iteration, σ / ∈ τ for any τ ∈ S a i ,k and any {i , k }. Thus after a finite number of iterations, we obtain a defining system ( a i ,k ) such that {u, v} / ∈ σ for any σ ∈ S a i ,k and any pair {i , k }. Then we can construct a defining system (ϕ * ( a i ,k )) for α 1 , . . . ,α n . So if [ω] = [ ω] = 0, then [ϕ * ( ω)] = 0, which contradicts the assumption that α 1 , . . . ,α n is non-trivial. Hence if α 1 , . . . ,α n is non-trivial, then α 1 , . . . , α n is non-trivial. Proposition 3.31, Lemma 3.33 and Proposition 3.35 prove the following statement.
Theorem 3.36. LetK be a simplicial complex with a non-trivial n-Massey product in H * (ZK). Let K be a simplicial complex that maps ontoK by a series edge contractions ϕ : K →K that satisfy the link condition. Then there is a non-trivial n-Massey product in H * (Z K ).
Remark 3.37. The degree of the classes in the new Massey product are different to the degree of classes in the original Massey product. The original Massey product α 1 , . . . ,α n ⊂ H |Ĵ1∪···∪Ĵn|+(p1+···+pn+1)+1 (ZK) had classesα i ∈ H |Ĵi|+pi+1 (ZK). Theorem 3.36 gives an n-Massey product on classes whose degree is determined by |J i | |Ĵ i |, so α i ∈ H |Ji|+pi+1 (Z K ). Therefore α 1 , . . . , α n ⊂ H (p1+···+pn)+|J1∪···∪Jn|+2 (Z K ).
Example 3.38. For any simple polytope P , let K P = ∂(P * ) be the boundary of the dual polytope. Then the moment-angle complex Z P = Z K P is a (polytopal) moment-angle manifold. Zhuravleva [13] showed that for any Pogorelov polytope P , moment-angle manifolds Z P have a non-trivial triple Massey product using the full subcomplex in Figure 10 . Figure 10 . A full subcomplex of the simplicial complex corresponding to any Pogorelov polytope [13] Applying edge contractions to the coloured edges of the full subcomplex in Figure 10 , we obtain the simplicial complex in Figure 11 . This simplicial complex has a non-trivial triple Massey product, as can be shown by direct calculation (an identical calculation to Example 2.5). Since the edge contractions satisfy the link condition, Theorem 3.36 recovers the non-trivial triple Massey products in Zhuravleva's work.
Remark 3.39. Theorem 3.36 can be used for detecting non-trivial Massey products in moment-angle complexes. For example, let K be a simplicial complex with α 1 , . . . , α n ∈ H * (Z K ) such that α i ∈ H pi (K Ji ) and J i ∩ J j = ∅ for any i = j. Figure 11 . An edge-contracted full subcomplex of a simplicial complex corresponding to any Pogorelov polytope Suppose K edge contracts to a simplicial complexK that has non-trivial Massey product α 1 , . . . ,α n ∈ H * (ZK) such that α 1 , . . . ,α n can be lifted to α 1 , . . . , α n as in the proof of Theorem 3.36. Then α 1 , . . . , α n ⊂ H * (Z K ) is also a non-trivial higher Massey product.
We can also use Theorem 3.36 to reduce known non-trivial Massey products to other non-trivial Massey products of smaller degree. Corollary 3.40. Let K be a simplicial complex with a non-trivial n-Massey product α 1 , . . . , α n ⊂ H * (Z K ) for α i ∈ H pi (K Ji ) and J i ∩ J j = ∅ for any i = j. Suppose ϕ : K →K is a series of edge contractions such that there are non-trivial classeŝ α i ∈ H pi (K ϕ(Ji) ) for i = 1, . . . , n. Then there is a non-trivial n-Massey product α 1 , . . . ,α n in H * (ZK).
Proof. If the Massey product α 1 , . . . ,α n was trivial, then lifting it as in Theorem 3.36 would also give a trivial Massey product α 1 , . . . , α n .
Non-trivial Massey products in graph associahedra
Theorems 3.16 and 3.36 can be applied together to construct non-trivial higher Massey products in the cohomology of moment-angle complexes. Recall that for any simple polytope P , there is a simplicial complex K P = ∂(P * ) and Z P = Z K P is a (polytopal) moment-angle manifold. We will show that there are families of polytopes P for which H * (Z P ) has non-trivial higher Massey products.
Let Γ be a connected graph on the vertex set [n+1]. Let B Γ be the set of subsets s ⊂ [n + 1] such that the induced subgraph Γ s is a connected graph. Let sets s i , s i in B Γ be enumerated so that if s i ⊂ s i , then i i. Let ∆ n be a combinatorial nsimplex with facets labelled F {1} , . . . , F {n+1} . Let B 0 = {{1}, . . . , {n + 1}, [n + 1]}. Let P Γ be the polytope obtained from ∆ n by a sequence of truncations at the faces F {i} ∩ · · · ∩ F {k} for every s ∈ B Γ \ B 0 (in order) and its decomposition s = {i} · · · {k}. Each new face after truncation is labelled F s . Then P Γ is an example of a graph associahedron. In general the condition that Γ is connected is not required; a more general definition of graph associahedra is due to Devadoss [6] and more broadly a similar definition of nestohedra can be found in [5] . 4.1. Permutahedra. A permutahedron is an example of a graph associahedron, when the associated graph is a complete graph on n vertices. It was previously First let k < n. Let is the result of stellar subdividing the join K 1,1 * · · · * K k,k at the simplices {1, 2 }, {1, 3 }, . . . , {1, (k − 1) }, {2, 3 }, . . . , {2, k }, . . . , {k − 1, k }. That is for example, there is no edge {1, 2 } = {v {1} , v {2,3} } in L since neither {1} ⊂ [n + 1] nor {2, 3} ⊂ [n + 1] is a subset of the other. Therefore by Theorem 3.16, there is a non-trivial Massey product α 1 , . . . , α k ⊂ H 2k+2 (Z L ) ⊂ H 2k+2 (Z P ) where α i ∈ H 3 (Z P ). Now let k = n. Let
..,n+1} ,v {3,...,n+1} ), Then as in the previous case,K is a simplicial complex obtained from the join of k pairs of disjoint vertices by stellar subdivisions as described by Construction 3.16. Hence by Theorem 3.16, there is a non-trivial k-Massey product in H * (ZK). By Theorem 3.36, the Massey product α 1 , . . . , α k ⊂ H * (Z K ) is also non-trivial.
Since a manifold is non-formal if it has a non-trivial Massey product in its cohomology, Proposition 4.2 shows that all moment-angle manifolds Z P for a permutahedron P are non-formal. A similar technique to Proposition 4.2 can also be applied for other simple polytopes. Another example is the family of stellohedra, which are graph associahedra corresponding to a stellar graph. By applying Theorems 3.16 and 3.36, we can show that there are non-trivial k-Massey products in the n-dimensional stellohedron for every k n. Thus all moment-angle manifolds corresponding to stellohedra are also non-formal.
